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The tune

The total phase variation over in one turn is
called the tune (aka number of oscillations):

ߤ ݏ = න ߚݏ݀ ௦ݏ
଴ݏ

ܳ

Since is periodic: −
, then the tune is constant.
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The tune

At a given position in the ring only the non
integer part of the tune is observable:

ݔ
′ݔ

1

23

4

9

8

5
6

7
10

ݔ

At a given position in the ring, the picture would 
be de same if the tune was or …

ݐ
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The tune

The tune times the revolution frequency ( ଴) is 
the resonant frequency of the system…

݁݅ݎݑ݋ܨ݂
ݏ݊ܽݎݐ	ݎ

ሺ	݉ݎ݋݂
ሻݔ

଴݂
ܳ ଴݂ 1 െ ܳ ଴݂

Exciting the beam at such frequency leads easily 
to a beam loss.
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The tune

Also, the accelerator is unstable if the tune in 
integer:

ݔ
′ݔ

12
34

98
567

Any small dipole error would produce an orbit 
amplitude growth turn after turn:

ݔ
ܤ
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The tune

Similarly, the accelerator is unstable if the tune
is half-integer :

ݔ
′ݔ

1

2

3

4

9

8
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7

Any small quadrupole error would produce an 
orbit amplitude growth turn after turn:

10 ݔ
ܤ
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The tune

T r a c k X  / m T r a c k Y  / m

0 1 0 0 2 0 0 3 0 0 4 0 0 5 0 0
s  /  m

- 1 . 0 E - 2

- 5 . 0 E - 3

0 . 0 E + 0

5 . 0 E - 3

1 . 0 E - 2

1 . 5 E - 2

Particletrack / m

Trajectory Example with working point (Qx ,Qy) = 
(4.16 , 2.00) and small dipole error:

1 turn
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The tune

T r a c k X  / m T r a c k Y  / m

0 1 0 0 2 0 0 3 0 0 4 0 0 5 0 0
s  /  m

- 8 . E - 3

- 6 . E - 3
- 4 . E - 3

- 2 . E - 3
0 . E + 0

2 . E - 3
4 . E - 3
6 . E - 3

8 . E - 3

Particletrack / m

Trajectory Example with working point (Qx ,Qy) = 
(4.50 , 1.69) and small quadrupolar error:
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The tune

More in general, circular accelerators must avoid 
resonant lines: ௫ ௬

ܳ௫

ܳ௬

݅ ݅ ൅ 12݅ ൅ 13 ݅ ൅ 23 ݅ ൅ 1݆
݆ ൅ 13
݆ ൅ 12
݆ ൅ 23
݆ ൅ 1

Dipole resonantLines:ܳ௫ = ݅ܳ௬ = ݆
Quadrupole resonant linesܳ௫ = ݅ ൅ 12ܳ௬ = ݆ ൅ 12ܳ௫ െ ܳ௬ = ݅ െ ݆ܳ௫ ൅ ܳ௬ = ݅ ൅ ݆ ൅ 1
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Emittance

The tune is constant and all particles in the 
beam have more or less the same tune. All 
particles have different action : there is a 
distribution of values: 

The RMS of the action distribution is called 
Emittance ௃.

ܲ.݉ݑܰܬ
.ݐݎܽ

ߝ
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Emittance

The beam size ࢞ varies along the ring:࢞ ௫

at the same time:

࢞ ௫
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Emittance

࣌′ ࢞ ࢞࢞ ࣌′ ࢞ ܵܵܯܯܴܴ= ߝ    = ′ݔ ′ݔݔ ′ݔ ݔ ߚ ݏ ߝ ݔ ߚ ݏ ߝ ݔ ߚ ݏ ߝ ߝߝݔ ߝ ݔ ݔݔ ߝ ݔ ߝ ݔ ߚ ݏ ߚߚ ݏ ݏݏ ݏ ߝ ݔ ߚ ݏ ߝ ݔ ߚ ࢞ ′࣌ݏ ࢞࢞ ࣌′ ࢞ ܵܵܯܯܴܴ= ߝ    = ′ݔ ′ݔݔ ′ݔ ݔ ߚ ݏ ߝ ݔ ߚ ݏ ߝ ݔ ߚ ݏ ߝ ߝߝݔ ߝ ݔ ݔݔ ߝ ݔ ߝ ݔ ߚ ݏ ߚߚ ݏ ݏݏ ݏ ߝ ݔ ߚ ݏ ߝ ݔ ߚ ࢞ ′࣌ݏ ࢞࢞ ࣌′ ࢞ at the same time:
The beam size ࣌࢞ varies along the ring:	࣌′	࢞	 = ܵܯܴ ′ݔ = ߚ௫ߝ ݏ

࣌′	࢞	 = ܵܯܴ ′ݔ = ߚ௫ߝ ݏ
࣌′࢞ = ܵܯܴ ′ݔ = ߚ௫ߝ ݏ
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Emittance

Also, emittance is a key parameter for beamlines
because they want:
• Resolution: determined mostly by ࢞.
• Flux of photons: determined mostly by ࢞.
The emittance contains both:

௫ ࢞ ࢞
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Emittance

࣌࢞ ࣌′࢞ ࢽ࣌

Generally speaking, beamlines focalize at the 
sample ( ࢞), and for a given optical aperture 
they want as much photons as possible ( ࢞):

Beam

Photon Beam

ࢽ′࣌
Sample

Still, beam size is the first requirement. 

Optical Aperture Limitation
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Emittance

Emittance values for some Light Sources:

Emittance of few nmrad means roughly 100μm×
100μrad ௫ ௫.

Elettra ALBA Diamond ESRF APS Spring-8

Energy (GeV) 2 3 3 6 7 8

Circumference (m) 259 269 562 845 1104 1436

Lattice DBA DBA DBA DBA DBA DBA

Emittance (nmrad) 7.4 4.4 2.7 4 3.1 3.4

MEDSI Accelerator physics tutorial 103Z.Martí



Z.Martí MEDSI Accelerator physics tutorial

Emittance

104

In modern light sourced (picture from SLS), 
beam sizes are of the order of a hair
thickness:



Lattice design

Quadrupoles must be placed and powered so 
that they produce small beam sizes where 
desired. 
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Lattice design

Quadrupoles must be placed and powered so 
that they produce small beam sizes where 
desired. 
Other practical details to take into account in 
Lattice design:
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Lattice design

Quadrupoles must be placed and powered so 
that they produce small beam sizes where 
desired. 
Other practical details to take into account in 
Lattice design:
1. Phase advance between elements.
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Lattice design

Quadrupoles must be placed and powered so 
that they produce small beam sizes where 
desired. 
Other practical details to take into account in 
Lattice design:
1. Phase advance between elements.
2. injection scheme.
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Lattice design

Quadrupoles must be placed and powered so 
that they produce small beam sizes where 
desired. 
Other practical details to take into account in 
Lattice design:
1. Phase advance between elements.
2. injection scheme.
3. Straight sections space (diagnostic, RF,IDs…). 
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Lattice design

Quadrupoles must be placed and powered so 
that they produce small beam sizes where 
desired. 
Other practical details to take into account in 
Lattice design:
1. Phase advance between elements.
2. injection scheme.
3. Straight sections space (diagnostic, RF,IDs…). 
4. Maximum beam size.
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Lattice design

Design repetitive structures (cells) is simpler 
and cheaper, and also, allows to avoid 
resonances:

௫ ௬
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Lattice design

Design repetitive structures (cells) is simpler 
and cheaper, and also, allows to avoid 
resonances:

௫ ௬
The most simple cell (the unit block to build a 
lattice) consists of alternating FOcusing and De-
fOcusing quadrupoles (FODO). 
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Lattice design

Nowadays, the FODO cell is typically used at 
booster synchrotrons, but third generation 
storage rings need more complex lattices. 
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Energy deviations

So far we have assumed that the energy of the 
particles does not change and it is the same for all 
of them. But…
• RF cavities: change the energy depending on 

arrival time.
• Radiation: produces energy loss at every bending 

magnet.
• Particle interactions: produce energy exchange 

with residual gas particles or among them. 
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Energy deviations

The RF cavities produce longitudinal focusing: 

ܸݍ݈
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Energy deviations

The RF cavities produce longitudinal focusing: 

ܸݍ݈

We will see that more energetic particles take 
more time to go around, they get retarded but 
then the RF removes energy from them…
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Energy deviations

The RF cavities produce longitudinal focusing: 

ܸݍ݈
݈

ߜ
We will see that more energetic particles take 
more time to go around, they get retarded but 
then the RF removes energy from them…
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Energy deviations

݈
ߜ

1234

The energy deviation with respect to the reference 
particle ୼ாா is assumed to be constant. Which is 
a good approximation in many cases.

However, the dynamics in the longitudinal plane 
(synchrotron oscillations) is much slower than the 
transverse plane: 
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Energy deviations

If a particle has an energy deviation, it follows 
circles with different radius: 

ߩ = ܤܿݍܧ = ଴ߩ 1 ൅ ߜ

݀ଶݏ݀ݔଶ ൅ ݇ ݏ ൅ ଴ଶߩ1 ݏ ݔ = ଴ߩߜ ݏ

Both dipoles and quadrupoles will have different 
effect, but the first order effect comes from the 
dipoles and adds a term to the horizontal plane 
equation: 
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Energy deviations

An energy deviation produces a dispersion orbit 
around the machine equal to . ݀ଶݏ݀ܦଶ ൅ ݇ ݏ ൅ ଴ଶߩ1 ݏ ܦ = ଴ߩ1 ݏ
The betatron oscillations go around :

ݔ
′ݔ

ܦߜ ′ܦߜݏ ݏ
ݔ ݏ = ߚࡶ ݏ ݏ݋ܿ ߤ ݏ െ ૙ࣆ ൅ ܦߜ ݏ
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Energy deviations

In general the dispersion is positive ( ௫ >0), 
so, particles with more energy ( ) take a 
longer way and take more time to do one turn!

ݔ ݏ
δ<0

δ>0
δ=0

௫ܦߜ
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Energy deviations

The beam contains particles with a distribution 
of energies, the RMS value ࢾ :

࣌࢞ = ߚ௫ߝ ݏ ൅ ଶܦఋଶߪ ࢞′࣌ݏ = ߚ௫ߝ ݏ ൅ ଶ′ܦఋଶߪ ݏ

ܲ.݉ݑܰߜ
.ݐݎܽ

ࢾ࣌
Assuming that it is Gaussian and not correlated 
with the action J distribution:
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Chromaticity

Additionally, depending on the quadrupoles
have also a different focusing strength.

Energy deviations causes the beta function, the 
phase and also the tune to change accordingly. 
The chromaticity is defined as:ܳ௫ = ܳ௫,଴ ൅ = ௫ܳ௬ߦߜ ܳ௬,଴ ൅ ௬ߦߜ
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Chromaticity

quad

δ>0δ=0δ<0
The chromaticity effect can be visualized as a 
different focal length for every quadrupole:

The chromaticity due to dipoles and quads (also 
called natural chromaticity) is always negative 
ranging from -30 to -100 (unitless) in both 
planes.
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Radiation Energy Loss

The synchrotron radiation takes energy ଴every 
turn: ܷ଴ = ߩସ3߳଴ߛଶݍ

The proton has a mass around 1GeV, while 
electrons’ is 0.5keV. For present accelerators, 
protons are assumed to almost no radiate. 
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Radiation Energy Loss

The RF cavities need to provide at least the 
energy loss per turn ଴. 

݈
ܸݍ

݈
ߜ

ܷ଴
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Radiation Damping

However, the energy compensation in the RF 
changes the momentum direction of the particle 
towards the design momentum!

ݔ ݏ
Energy loss in the dipole Energy gain in the RF

Loss in a random direction Gain in a predefined direction
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Radiation Damping

As a result, turn after turn, the trajectory angle 
gets reduced:

ݔ
′ݔ ݔ

ݐ
As the path gets closer to design value, the 
revolution time also gets closer to the design 
value.
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Radiation Damping

As the revolution time gets closer to the design 
value, the RF gives less extra energy to that 
particle:

݈
ߜ ߜ ݐ

In all directions, an initially off energy and/or 
off center particle tends to end in the design 
orbit and energy.
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Radiation Damping

This effect is called Radiation Damping, it is present 
in any particle accelerator, but almost only is 
noticeable in a reasonable time scales in lepton
machines:

Here we will deal mainly with electron accelerators, 
where the energy loss per turn can be a 
considerable part (0.01%) of the particle energy.

ܷ଴ = ߩସ3߳଴ߛଶݍ
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Equilibrium Beam Size

However, the beam size is not zero around the 
closed orbit. 
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Equilibrium Beam Size

However, the beam size is not zero around the 
closed orbit. 
This is because the radiation emission happens 
in photons. 
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Equilibrium Beam Size

However, the beam size is not zero around the 
closed orbit. 
This is because the radiation emission happens 
in photons. 
At some point the radiation quantization effects 
interrupt the damping:

ݔ
′ݔ
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Equilibrium Beam Size

The damping is a result of the dipole+RF effect, 
it damps in the 3 planes.
The quantum exitation happens at the dipoles. 
The effect in the transverse plane depends on 
the dispersion at that point:

ݔ ݏ ߜ
∗ݏ

Closed orbit

Off energy Closed orbit
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Equilibrium Beam Size

The equilibrum emittance can be expressed as 
a function of the dispersion and the bending 
radius: ௫ߝ = ௤ܥ ଶܲ௫ߛ ∮

࣢௫ ଷ௫ߩݏ ݏ ∮ݏ݀ ଶ௫ߩ1 ݏ ௤ݏ݀ is a constant, ௫ is the horizontal partition 
number and  ௫ is the dispersion invariant:࣢௫ ݏ = ߚ ݏ ௫′ଶܦ ݏ ൅ 2α ݏ ௫ܦ ݏ ௫ᇱܦ ݏ ൅ ߛ ݏ ௫ଶܦ ݏ

Anti damping

Damping
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Equilibrium Beam Size

This makes a big difference in stability and in the 
beam size limitation: ௫, ௬ and ఋ :
• Hadrons synchrotrons (Protons and Ions): 

where beam size is determined by the injected 
beam.

• Lepton synchrotrons (electrons mainly): beam 
size does NOT depend on the initial beam 
distribution.

MEDSI Accelerator physics tutorial 127Z.Martí



Equilibrium Beam Size

Wait a minute… when we look at the beam size 
in our CCD we are actually seeing a cloud of 
electrons performing quantum jumps?... Yes! 
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Instabilities

The beam electromagnetic field can reflect in 
abrupt transitions of the vacuum chamber. Or 
from a different point of view, image current 
radiates! 

ݍ
െݍ

These are called wake-fields. The more particles 
in the bunch the bigger the wake-field.
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Transverse Instabilities

Hence, the wake-fields may cause instabilities at 
big currents.
If the beam is centered, no transverse fields are 
generated, but if it moves transversally, it will 
kick transversally in the same direction. 
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Head tail instability

It takes some time for the electromagnetic field 
to reflect in the chamber. Hence, the particles in 
the bunch will be influenced by the wake field 
but with a delay.

The head of the bunch will affect the tail…
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Head tail instability

Transverse Head Tail Instability:

A warning:
Beam instabilities is a complicated thing to 
study, if you only can remember one thing from 
all this, let it be: chromaticity must be corrected 
to positive values, otherwise…
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Head tail instability

Transverse Head Tail Instability:
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Head tail instability

Transverse Head Tail Instability:

The Head transverse betatron oscillations 
produce a force that increases or damps the Tail
transverse oscillations. After half synchrotron 
oscillation the roles are inverted!
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Head tail instability

Transverse Head Tail Instability:

Head (driver)Tail (forced)

݈
ݔ ߜ

݈

௫ߤ
௫ߤݐ
ݐ

ߦ > 0,	stable
Head Head

ߦ < 0,	unstable
Head Head
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Instabilities

Head tail is just one type of instability. A 
mathematically rigorous analysis shows that to 
avoid the more important instability sources, 
chromaticity should be small and positive.

However, in a storage ring with quadrupoles 
chromaticity is big and negative!
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Chromaticity

harmful effects. Since 
typical values for ఋ are 
10-3 and natural 
chromaticities are around 
-100, this makes the beam 
to have a big tune spread
so that it can hit 
harmful resonances. ܳ௫

ܳ௬

݅ ݅ ൅ 12݅ ൅ 13 ݅ ൅ 23 ݅ ൅ 1݆
݆ ൅ 13
݆ ൅ 12
݆ ൅ 23
݆ ൅ 1

ఋߪఋ3ߪ

On top of that, large chromaticity has other
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Chromaticity

Indeed, chromaticity is corrected in any 
accelerator. To do so, sextupole magnets are 
used. They are similar to quadrupoles, but have 
6 poles instead:
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Chromaticity

B
F

Like quadrupoles, the force (field) is zero at 
the center, but in the sextupole it has the 
same sign at both sides:
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Sextupole have parabolic magnetic field on axis:

Placing sextupoles at locations with dispersion 
allows to correct the chromaticity:

Chromaticity

δ>0
δ=0
δ<0
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Chromaticity

Sextupoles allow for stable beams with small 
tune shifts with energy.
As a pay off, more resonant 
lines appear and the 
system becomes non 
linear: stability is not 
guaranteed at big 
amplitudes. ܳ௫

ܳ௬

݅ ݅ ൅ 12݅ ൅ 13 ݅ ൅ 23 ݅ ൅ 1݆
݆ ൅ 13
݆ ൅ 12
݆ ൅ 23
݆ ൅ 1

ఋߪఋ3ߪ
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Nonlinear Lattice design

Linear systems behave independently of the 
amplitude (action). Nonlinear systems don’t:

Linear Nonlinear
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Nonlinear Lattice design

You all know other nonlinear systems:

The rabbit fractal:௡ାଵ ௡ଶ
Nonlinear

Here colors indicate how divergent are the points…

MEDSI Accelerator physics tutorial 143Z.Martí



Nonlinear Lattice design

In accelerators we try to see which particles are 
likely not to diverge…
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Nonlinear Lattice design

The non linear effects depend on how strong the 
sextupoles are and where they are located.

In modern light sources, with every time smaller 
emittances, and higher quadrupolar fields, 
stronger chromatic effects and stronger 
sextupolar fields, sextupoles is part of the lattice 
design.

MEDSI Accelerator physics tutorial 145Z.Martí



Nonlinear Lattice design

The working point is 
chosen to avoid 
resonances, but the best 
location depends on the 
details of every 
synchrotron lattice:
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Thanks! Questions?
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The end
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